Abstract. We consider the velocity with which an invading population spreads over space. For a general linear model, originally due to Diekmann and Thieme, it is shown that the asymptotic velocity of population expansion can be calculated if information is available on: (i) the net-reproduction, Ro; i.e. the expected number of offspring produced by one individual throughout its life, and (ii) the (normalized) reproduction-and-dispersal kernel, /~(a, x -~); i.e. the density of newborns produced per unit of time at position x by an individual of age a born at ¢. By means of numerical examples we study the effect of the net-reproduction and the shape of the reproductionand-dispersal kernel on the velocity of population expansion. The reproduction-and-dispersal kernel is difficult to measure in full. This leads us to derive approximation formulas in terms of easily measurable parameters. The relation between the velocity of population expansion calculated from the general model and that from the Fisher/SkeUam diffusion model is discussed. As a final step we use the model to analyse some real-life examples, thus showing how it can be put to work.
Introduction
Once upon a time a rich Czech prince went muskrat hunting in Alaska. He liked this so much that he took five muskrats back home and released them at his country-seat near Prague. These introduced individuals and their offspring started to spread, and today muskrat populations are established throughout Europe. This is one of many well-documented examples of biological invasions. A biological invasion can loosely be defined as a (on an evolutionary time scale) sudden extension of a populations range. Often such invasions are induced by man. Sometimes they are the result of natural extensions of range. An epidemic of an infectious disease can be viewed as the expansion of a population of disease organisms and therefore also falls in the category of invasions.
Invading species often have an influence on the ecosystem or the agricultural system. From the point of view of the economist or the nature conservationist, this influence is often considered to be negative. This fact led the Scientific Committee on Problems of the Environment (SCOPE) to organize a program on 'The Ecology of Biological Invasions' (Levin, in press; Mooney and Drake 1986; Kornberg and Williamson 1987; Anonymous 1985) . This programme addresses several questions concerning invasions, ranging from the invadability of ecosystems to the development of management systems to prevent unwanted invasions.
An invasion which starts at a certain place often does not have an immediate effect at another, distant, place. The spatial component is, therefore, frequently of considerable importance. After the pioneering work of Fisher (1937) , Skellam (1951) , Kendall (1965) and Mollison (1972 Mollison ( , 1977 , Diekmann (1978 Diekmann ( , 1979 and Thieme (1977a,b; 1979a,b) developed and studied a rather general model for the spatial spread of populations. The velocity with which an invading population spreads over space obviously depends on the population dynamical attributes of the individuals making up that population. Using the Diekmann/Thieme approach we show in this paper how individual behaviour and the velocity of population expansion are related.
Although the models we present are of a general nature, we will use a terminology proper to animal species in the main text. In some examples we use a different, but compatible, terminology proper to the species under consideration. For species with two sexes we consider females only. This paper bridges part of the gap between, on the one hand, some abstract theorems about the velocity of population expansion in the mathematical and biomathematical literature and, on the other hand, data concerning real biological invasions. The paper is written for mathematically inclined biologists and mathematicians working on practical biological problems. Heuristic arguments and formal calculations abound in the paper, No proofs are given.
Diffusion models
To develop some intuition, terminology and notation we start with a discussion about diffusion models. The simplest diffusion equation, modelling spatial spread in two dimensions reads t;3n /~32n 632n~ ot =ls ~x~ +~x~/+ f(n)n,
where n(t, x) is the population density at position x = (xl, x2) at time t, s is the 'diffusion constant' indicating the rate of random movement and f(n) is the per
